This paper deals with a class of functionally graded materials (FGMs) called active FGM that has electro-thermo-elastically graded material phases. The focus is on the characterization of active FGM under electrical and thermal fields. The structure comprises a substrate, an electro-thermo-elastically graded layer and an active layer. Using augmented piezoelectric constitutive law, the effect of temperature on the piezoelectric properties is incorporated in the model. A formulation for exact solutions of the system based on Euler-Bernoulli theory is presented. Polynomial compositional variations of the constituent phases in the graded layer are considered and their performance for a range of stiffness and electrical property ratios of the active and substrate materials is studied under electrical and thermal fields. The effect of temperature dependence of piezoelectric coefficients on the stress distribution in the active FGM is discussed. It is also observed that the compositional variation significantly influences the actuation authority of graded materials depending on the modular ratio of the constituent materials.
Introduction
Recent advances in materials science and engineering, coupled with the ubiquitous necessity to create efficient structural systems, have led to a new class of materials called functionally graded materials (FGMs) . FGMs offer many advantages over monolithic materials and traditional composites. By spatially varying the microstructure, the material can be tailored for a particular application to yield optimal, thermal, electrical and mechanical behaviour. Through the use of FGMs, improved fatigue resistance, reduced thermo-electro-elastic property mismatch, interlaminar stress reduction, and more efficient joining techniques can be realized.
FGMs have received considerable attention in recent years. The primary focus has been towards the design 3 Author to whom any correspondence should be addressed.
of efficient materials suited for aerospace applications, solid oxide fuel cells and energy conversion systems using thermoelectric or thermionic materials [1] . An important application of graded materials is in tribology [2, 3] in order to improve the damage resistance of contact surfaces. Thin films with graded composition play an important role in semiconductor devices [4] . Development of FGM in defence mechanisms such as ceramic armour, thermo-nuclear suits etc is also an area of interest. Smooth transitions in compositional gradients also lead to improved bi-material bonding, allowing better mechanical integrity of the systems.
With improved functionality of graded materials, their characterization and optimization pose new challenges. In macrostructural analysis, a study of deformation and stress response of FGMs with different material phase variations in the elastic as well elasto-plastic regime is clearly warranted [5] . A comprehensive overview of the elasto-plastic characterization of FGMs under thermal cycles can be found in [6, 7] . The response of graded materials under transient loads has been studied in order to distinguish the stress wave propagation in graded materials from layered materials [8, 9] . In [9] a semi-empirical numerical model was developed to include strain-rate effects in the elastic and viscoplastic response. In the microstructural characterization of FGM, combined experimental-numerical investigations have been carried out to determine the material parameters such as elastic and plastic properties and fracture toughness [10] [11] [12] . Inverse techniques based on neural network and genetic algorithms have also been proposed to characterize graded materials [13, 14] . Exhaustive micromechanical simulations have been performed on periodic and random FGM microstructures in order to derive effective properties and behaviour under prescribed thermo-mechanical excitations [15] [16] [17] [18] . Recently, elasto-plastic stress solutions for thermo-elastic FGMs have been presented using a self-consistent approach [19] .
One class of FGM, which is the focus of this paper, is electro-elastic FGM (active FGM), in that the electro-elastic mismatch between constituent material phases is minimized through continuous gradation. In the present context, an active FGM comprises ferroelectric or, in particular, piezoelectric material as one of the material phases. Such materials find use in electro-mechanical devices, popularly known as smart systems. Functionally graded transducers have potential applications in ultra-sonic medical imaging where broadband frequency characteristics (short pulse emission) are desirable. Conventional thin piezoelectric transducers are limited due to narrow-band frequency characteristics on account of the pulses being emitted at both the surfaces [20] .
Active FGM is a nascent area of research. However, the design of a multi-layered actuator in [21] indicates the importance of functionally graded piezoelectric materials in practical applications. The reader may refer to [22] and [23] for the process development of a typical active FGM. Early notable work in this area includes numerical investigations on the nature of surface waves in piezoelectric FGM plates [24, 25] .
Analytical studies are focused mainly on either elastic or electrical gradation [26] [27] [28] [29] [30] . In [26] microdisplacement and microstructure characteristics of graded piezoelectric materials have been reported. Few researchers have studied controlled responses of functionally graded plates with bonded actuators [27, 28] . In these cases, only elastic gradation is considered. In [29] exact solutions are derived for electrically graded monomorphs. The results indicate the strong influence of electrical gradation on the stress characteristics and electric field. Numerical investigations for FGM bimorphs have been reported [30] for linear and nonlinear gradation to maximize displacement of the actuator while minimizing the maximum stress.
The present literature on FGM primarily focuses either on thermo-elastic or electro-elastic gradations. It is well-known that the electrical properties of the piezoelectric materials are influenced by temperature [31, 32] , e.g. their depolarization is signified by Curie temperature. Few recent works have been carried out that consider micromechanics of coupled thermoelectro-magneto-elastic materials [33, 34] . It is desirable, however, to provide a simple phenomenological model incorporating thermal as well as electrical compositional gradation. In this paper, we develop an augmented uniaxial model based on [31] for electro-thermo-elastically graded materials. It includes the influence of the thermal field on the electrical properties of the active material. Using Euler-Bernoulli theory, exact solutions are presented for obtaining the response of active FGM to electrical and thermal excitations. The material distribution may be symmetric or asymmetric about the reference plane. Using the modified relations, the throughthickness stress distributions under electrical and thermal fields are studied.
In the available literature on FGM, the power-law-type compositional gradation has frequently been employed. The performance of this type of grading is evaluated vis-à-vis a complete polynomial-type grading. The piezoelectric active layers with several substrate-active material ratios of practical interest are considered. The expressions for both actuator and sensor are presented. The performance of the actuator is also studied. We restrict the scope of this investigation to low electric fields and thermal excitations that are well below the Curie temperatures. In other words, the present analysis does not consider the nonlinearities arising from domain switching and depolarization due to high electric fields and thermal effect.
Material system
The material comprises a piezoelectric layer, a graded layer and a substrate (figure 1). The material may be stacked symmetrically or asymmetrically with respect to the reference plane. The variation of material properties over FGM thickness is defined as
where, P = ( s P − a P), s P and a P are the material properties of the substrate and the active layer and the function N (x 3 ) is the compositional variation of the active material in the graded layer. The augmented linear constitutive relations for electroelastically graded materials are defined as
where σ i j is the second-order stress tensor, Q i jkl is the fourthorder stiffness tensor as a function of the thickness of material, (x 3 ) ε i j is the second-order strain tensor, d klm is the third-order piezoelectric strain tensor as a function of x 3 , D m is the electric displacement vector, ξ km is the second-order permittivity tensor as a function of x 3 , E m is the electrical field vector, p m is the pyroelectric coefficient vector, and T is the change in temperature from the reference state (that is, a state free of thermal residual stress).
Equations (2) and (3) represent the modified converse and the direct piezoelectric effects to include the temperature dependence of piezoelectric properties through termsd klm andξ km . These properties have been shown to be relatively independent of the electric field level [31] .
For a structure with a length that is large compared to its width and thickness, the Euler-Bernoulli theory can be used for the solutions at all locations away from the edges. Further, if the voltage is applied across the thickness, then the electrical field is generated only in the x 3 -direction and is denoted by E 3 . We also assume that a uniform temperature difference ( T ) is applied over the material thickness only. For such a case, equation (2) reduces to
where σ 1 , ε 1 and Q 11 are the stress, strain and elastic modulus, d 31 andd 31 are the piezoelectric strain coefficients in the x 1 -direction, while the electric field is in the x 3 -direction and α is the coefficient of thermal expansion. Similarly, the direct piezoelectric equation is simplified to
The strain at any point (ε 1 ) can be expressed in terms of strain at the reference plane as follows:
where ε o is the in-plane strain and κ is the curvature. Noting that the piezoelectric properties now include temperature effects and using the variable definitions from figure 1, the constitutive relations in equations (4) and (5) can be elaborated as
and 
where | · | represents the magnitude of the ordinate. Using the converse piezoelectric effect, the force and bending moment equilibrium equations can be obtained from the following expressions:
Integrating equation (10), the strain components ε o and κ are given as follows:
where K is a 2×2 matrix of rigidity coefficients,
T is the vector of strains, and
T is the vector of body forces developed due to applied electrical and thermal fields. The terms in K and B are defined as
The integral terms (I 1 -I 6 ) in equations (12)- (16) depend on the compositional gradation. For the direct piezoelectric effect, using Gauss' law for electrodes in short-circuit, the induced charge (q) due to applied strain is given as
where the electric displacement is
The capacitance of the material is
where h is the distance between the two electrode surfaces and A is the plan area of electrodes common to both faces of the material. The induced voltage (V ) is
Compositional variations
In material in the graded layer. In the first case, a power-law function (figure 2) is considered as
As the gradation function in equation (21) is bounded by the parameter γ defined in equation (9), we have
The integral terms (I 1 -I 6 ) in equations (12)- (16) for the power-law-type gradation are obtained explicitly and are given as follows:
In the second case, a generalized cubic-shape function is considered as follows: constraints are put on the gradient of the function as follows:
Substituting η = (
), where 0 η 1, therefore
Using equations (26) and (27) , a set of simultaneous equations can be written as 
Solving equation (28), we obtain a cubic gradation with controlled interfacial gradients (CG2) (figure 3):
For the CG2, the integral terms are explicitly evaluated as follows:
In equations (12)- (16), the reference plane is located at the bottom surface of the substrate material (figure 1). Two possibilities are considered in the present set of expressions. The first one is that the material is stacked entirely above the reference plane (m = 1) in three layers, namely substrate, FG layer and active layer. The second possibility is that the material is stacked symmetrically about the reference plane, the symmetry being in terms of both geometry and material properties (m = 2). It may be noted that equations (23a)-(23e) and (30a)-(30e) are derived for positive x 3 -coordinate. Similar expressions can be obtained for negative x 3 -coordinate if the material is distributed symmetrically below the reference plane.
The terms ε o and κ are obtained by solving equation (11) . Once the solution for ε o and κ is available, the transducer characteristics of the material can be obtained by using equations (7), (8) and (20).
Results and discussion
Based on the explicit expressions given in section 3, solutions for electro-thermo-elastically graded material are sought for different stimuli. The results are organized in three parts as follows:
(1) electro-elastic FGM subjected to electric field; (2) electro-thermo-elastic FGM subjected to combined electric and thermal fields; (3) the effect of temperature-dependent electric properties on the characteristics of graded material.
Electro-elastic FGM subjected to electric field
In this part, the influence of different electro-elastic gradations on the stress distribution in the material under electrical excitations is analysed. We neglect the thermal terms in the equations derived in section 2. For the sake of comparison, linear and cubic power-law gradations are considered along with the cubic grading with controlled gradients (CG2). Keeping the piezoelectric mismatch ( d 31 ) constant, modular ratios ( s Q 11 / a Q 11 ) ranging between 0.05-10.0 are considered in order to cover a broad range of constituent phases. Unless otherwise specified, the substrate is assumed to be electrically inactive (
To characterize the material, a symmetric layer structure of the constituents has been considered. In a symmetrical composite the in-plane strain ε o and the curvature κ (equation (11)) can be created separately. When an electrical field of the same magnitude and polarity is applied, only inplane strain exists. Only curvature is created through the application of equal electrical fields but with opposite polarities about the plane of symmetry. In the framework of small deformation theory, a superposition of both cases gives the response of the material subjected to an arbitrary electrical field. In all the cases, an electrical field inducing a strain ( a d 31 E 3 ) of 100 µε is applied. It is to be noted that the force applied will be different for different compositional gradations. The stress variation is plotted as a non-dimensional ratio of the axial stress to the stress induced in a pure piezoelectric material
. This leads to a qualitative description of the stress variation that is independent of the material properties and induced strain. Further, the CG2 results in stress reduction at the interface between the FG layer and the stiffer layer. The maximum reduction in the stress occurs for extreme modular ratios, and it is about 16% for modular ratio 0.05 ( figure 6 ).
The CG2 not only results in reduced stresses but also minimizes the maximum stress gradient, resulting in better overall stress distribution in the material. In figure 7 , zero stress gradients at both the interfaces in the case of CG2 indicate smooth stress distribution. Linear grading results in discontinuity in the slope of the stress distribution at both interfaces, whereas cubic power-law grading possesses high stress gradient at the FG-active layer interface. The CG2 leads to about 17% reduction in the stress gradient over linear FGM and nearly 72% reduction compared to the cubic power-law FGM. Albeit smooth, a high-order power law performs poorly because the nature of grading results in an undesirably sharp transition in the material characteristics over a small region in the FG layer (figure 2). For CG2, the maximum stress gradient occurs at 0.75 times the thickness of the FG layer, whereas the gradient is highest at the FG-stiff layer interface for a powerlaw FGM. Figures 8(a) and (b) and 9(a) and (b) present the non-dimensional stress distribution due to the application of electrical fields with opposite polarities in the active layers. In this case a pure curvature is produced in the material, characterized by linear variation of stresses in the non-FG layers. In the FG layer, however, the variation is non-linear. All the observations made in the case of the previous example are also valid here.
Example 2: Curvature strain.

4.1.3.
Example 3: Actuation authority of different compositional variations. It is imperative to study the actuation characteristics of active FGM under an induced electrical field. The linear and CG2 compositional variations are considered in order to study their ability to produce actuation. It is to be noted that the CG2 variation is antisymmetric about the linear variation. Therefore, for a given modular ratio and thickness, the stiffnesses of the two systems are equal. This allows easy comparison of their actuation characteristics. If the force induced by one of the gradations is more than the other, then it can be deduced logically that the induced strain will also be higher, indicating higher actuation capability of that gradation. note that the actuation authority is not only influenced by compositional variation but also by the modular ratio. If the modular ratio is less than one (soft substrate), then CG2 gradation shows marginally higher actuation authority than the linear gradation. Likewise, if the ratio is higher than one (stiff substrate), then the linear compositional variation shows significant improvement in actuation capability. This behaviour can be explained through detailed calculations of the force terms in equations (15) and (16) . Such behaviour is a combined effect of the piezoelectric and elastic mismatch and the integral effect that comes from the type of compositional variation. In this case study it so happens that for modular ratios greater than one the combined effect of the above parameters is additive for linear grading, whereas in the case of the CG2 grading these parameters oppose each other. To this end, it becomes an interesting problem to solve for an ideal compositional gradation that minimizes interfacial stress gradients and maximizes the actuation characteristics.
Electro-thermo-elastic FGM subjected to combined electric and thermal fields
We now include the thermal effect in the characterization. Typically, materials are processed at a stress-free temperature (also termed the reference temperature). However, the operating temperatures may be different to the reference temperature and lead to thermal stresses in the material. It is thus necessary to include their effect in order to characterize 7 × 10
Piezoelectric coefficient,
them correctly. In this subsection we consider a three-layered system comprising a PZT5H ceramic as the active phase, nickel (Ni) as the substrate, and a thermo-electro-elastically graded layer. The material is assumed to be stress-free at room temperature (25 • C). The properties of constituent materials are given in table 1. The thickness of the FG layer is taken to be twice the thickness of the substrate. The substrate and active layers have the same thickness.
The material is subjected to an electrical field, causing electrical strain of 100 µε, and the ambient temperature is 15
• C, resulting in a cooling effect with a uniform temperature difference ( T ) equal to −10
• C. In the present example, the direction of the applied electrical field is such that it minimizes the stresses induced due to the thermal effect. The stresses induced for different compositional variations are shown in figure 11 . It is to be noted that a combined in-plane and curvature effect is induced due to the asymmetric nature of the layer structure. Owing to the phenomenological simile between the electrical and the thermal terms, the piezoelectric effect can be adopted as a mechanism to counter the thermal stresses that occur in materials that operate under temperatures away from their stress-free state. Conversely, it also means that the control effect due to piezoelectricity will be significantly influenced in the presence of a thermal field. Of course, this phenomenon will also hold true in materials that do not have a graded interface between the substrate and the active layer. However, the presence of a graded layer will always ensure that there is no stress discontinuity occurring under either electrical, thermal or combined electro-thermal fields.
Thermally dependent piezoelectric effects
Finally, we include the thermal dependence of piezoelectric strain coefficients in the model and study the changes in the stress characteristics. The Curie temperature of PZT5H is between • C and the piezoelectric properties degrade rapidly in this temperature range. As per [31] , the temperaturedependent piezo strain term (d 31 ) for PZT5H is taken as −1.16 pm V −1 C −1 , which is valid in the range −70 to 100
• C. The stress distribution in the material is presented for T equal to −10 and 10
• C. As seen from figure 12, higher stresses are induced in the material at temperatures higher than reference temperature (25 • C) due to the additional strain term. Likewise, the stresses are reduced at lower temperature. Subsequently, the actuation capability (i.e. the induced forces) will be affected and the effect will be linear due to the linear dependence of the piezo strain coefficients. Due to the dependence of the piezoelectric strain coefficients on temperature, a graded piezo transducer can be realized by superposing a thermal gradient between the top and bottom surfaces of the piezoelectric material.
Summary and conclusions
This paper discusses the stress characteristics for electrothermo-elastically graded materials under electrical and thermal excitations with temperature-dependent electrical properties. A uniaxial model is presented and exact solutions for symmetric as well as asymmetric material layer structures are derived based on Euler-Bernoulli theory. Non-dimensional graphs are presented for the qualitative description of stresses over material thickness.
• A large difference in the elastic properties of the constituent material phases results in a stress distribution with steep gradients near the stiffer material. As the nature of the stress depends on the polarity of the applied electrical field, high tensile stress may be induced near the stiffer material. This situation needs critical evaluation, especially under dynamic conditions where repeatedly alternating stresses may lead to fatigue and subsequently fracture of the material.
• The power-law-based compositional gradations, which are incomplete polynomials, result in high stress gradients at the interfaces of the FG layer. The interfacial stress gradients are completely avoided by employing CG2. Owing to C 1 -continuity, CG2 not only eliminates stress gradients at the interfaces but also reduces the maximum gradient occurring over the thickness of the material.
• The actuation authority of the graded material is significantly influenced by the modular ratio and the compositional variation. While CG2 gradation performs better vis-à-vis linear gradation for softer substrates, the latter proves superior for stiff substrates. It will be an interesting problem to optimize the compositional variation to include merits of both the variations.
• The inclusion of thermal effects in the model is important in order to predict the behaviour of the graded material at temperatures away from the reference temperatures. The temperature dependence of piezoelectric properties plays an important role by either augmenting or reducing the actuation efficiency of the system. It would be worthwhile to obtain the response of active FGM under arbitrarily varying temperature distribution over the material thickness.
• Our future work will focus on developing a generic FGM model that includes remnant polarization and strain effects and non-linear material behaviour. Remnant effects in the active material are important under high electric fields, while non-linear behaviour of the passive phase may play an important role in the thermal regime, e.g. the viscoelastic effect may become important for soft substrates. The direct piezoelectric effect formulated in this paper will be suitably modified to include the abovementioned effects, and the sensor characteristics will be reported soon.
